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Abstract 
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sources previously obtained in [Yu.A. Markov, M.A. Markova, Nucl. Phys. A 784 (2007) 443] 
on the basis of heuristic considerations. 



* e-mail : markovQicc . ru 

T e-mail: sliishmarev@mail.ru 



1 



1 Introduction 



The formulation of Lagrangian and Hamiltonian descriptions of the dynamics of (pseudo) clas- 
sical color particles interacting with a background Yang-Mills field has been suggested more 
then 30 years ago in two fundamental papers by Barducci et al [1\ and Balachandran et al [2\. 
In the present work, we have attempted to extend the approaches developed in the papers to 
the case of the presence of a background 'non-Abelian' fermion field in the system along with a 
background non-Abelian gauge field. As a practical guidance, at least at the first stage of the 
solution to the stated problem, we use the general principles, which were first formulated more 
precisely in [2j, namely, the desired action should satisfy the following conditions: 

(1) it must be real up to a total time derivative; 

(2) it must be invariant under the coordinate transformation of the parameter of integration r, 
i.e. under the replacement 

r^r' = /(r); (1.1) 

(3) it must be invariant under the gauge transformations. 

Besides, in ||2j the requirement of the consistency with the Wong equation [3] was added. In 
the papers [Tl[2] a simple action for a particle with non-Abelian charge moving in a gauge 
field background satisfying all the above-listed requirements has been independently suggested, 
namely, 

S = iLdr. 



where the Lagrangian reads 

L = -m^/iH~ + le^'D'^eK (1.2) 

Here, D^^ = d^^d/dr + igx^A'^^{t"'y^ is the covariant derivative along the direction of motion; 

and 9^ are a set of Grassmann variables belonging to the fundamental representation of the 
SU{Nc) color group, i.e. i = 1, . . . , N^. The equations of motion are 

—y + zgnT)Al{x){tT0'{r) = 0, 
dr ^ Q 

dO^Ur) ^ ' 

y^ - igx''{T)A''^{x)e^^{T){ty' = 0, 

where in the first equation we have set = 9'^'^ {ify^ OK Making use of the equations of motion 
for the Grassmann color charges ^* and 6'''"*, it is easily to see that the classical commuting color 
charge Q = (Q"), a = 1, . . . , A^"^ — 1, satisfies Wong's equation 



+ igx^'{T)A'^{x){TT''Q%T) = 0. (1.5) 
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The equations of motion for Grassmann and usual color charges, (11. 4p and fll.Sp . have been 
used in our two papers [H|5] in the study of the scattering processes of hard color-charged 
particles off soft gluon and quark-antiquark fields. These soft fields are induced by thermal 
fluctuations in a hot quark-gluon plasma. Putting into consideration the Grassmann color 
charges of a hard particle on an equal footing with the usual color chargj^], enables us to 
introduce so-called color (Grassmann valued) source of a spin-1/2 hard particle along with 
classical color current. We add this Grassmann source to the right-hand side of the Dirac 
equation for soft fermion field just as we add the usual color current of the hard particle to the 
right-hand side of the Yang-Mills equation for soft boson field [6j. This allowed us to obtain a 
closed self-consistent description of nonlinear interaction dynamics of soft and hard excitations 
of the hot QCD plasma both Fermi and Bose statistics (within the framework of semiclassical 
approximation) . 

However, as was shown in [4], the equations for Grassmann charges (ll.4p and the Wong 
equation (II. 5p as they stand in the original works [IHS] are insufficient to obtain complete and 
gauge invariant expressions for the matrix elements of some scattering processes. The reason 
for this lies in the fact that the equations were obtained under assumption that there exists only 
(regular and/or stochastic) background gluon field ^^(a;) in the system. It is pertinent at this 
point to note that in the presence of only background gauge field, putting into consideration 
Grassmann color charges and 6** gives merely the possibility of an elegant Lagrangian (or 
Hamiltonian) formulation. However, in actual dynamics of a color particle, the presence of the 
Grassmann charges is not revealed in any way. This is linked with the fact that only the bilinear 
(i.e. Grassmann-even) combination 9H°'9 (= Q"") representing itself commuting classical color 
charge appears in the equation of motion for the position x^, Eq. (II. 3p . and also in the expression 
for the color current j^(x) induced by this particle, Eq. (l2.1Up . The situation can qualitatively 
change only if the system will be subjected to background non-Abelian fermionic field, which 
as though 'splits' the combination 9H"-9 into two independent (Grassmann-odd) parts. Here, 
the necessity of introducing Grassmann color charges as dynamical variables enjoying full rights 
should be manifested in full. 

In the work [4j, we proposed a minimal extension of equations (ll.4p to the case of the 
presence of soft (stochastic) fermion fields ^'a(^) ^"^^ ^q:(^) ^^e system. Thus instead of 
(ll.4p we have the following generalized equations for the Grassman color charges: 



^ + z^?t;^A^(t, vt)(0^^^^^(t) +2<7(x«^l(t,vt)) =0, 9i = 9\t)\^^^^ 
^ ^ - z9V^A';,{t, vt)9^^{t){er - ^9{K{t, vt)x«) = 0, 9l' = 9^\t) 



dt 



;i.6) 



t=to 



^ We may regard these new Grassmann variables as the anticommuting degrees of freedom of the 'total' color 
(super?)charge for the particle. 
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and similar, instead of the Wong equation fll.Sp now we have the generahzed Wong equation 
+ igv^Ai{t,^^t){T''Y'Q\t) 



dt 



+ ig 



e^^{t){tr{xo.^^^{t,wt)) - {¥^{t,^t)xo)itTeKt) =o (i.7) 



with the initial condition = Q"'{t)\^^^^. Here, v^' = (l,v), (T'^)^^ = -if^", and t is the 
coordinate time. Furthermore, Xa is a c -number spinor describing spin state of a particle. In 
the papers |H|5], this spinor was considered as independent of time. The minimal information 
about this spinor we shall need in the present work, is its connection with the density matrix 
for completely unpolarized state of the particle. Let us define a polarization matrix q = {Qa/^) 
for the spin-1/2 particle such that in a pure state it is reduced to a product 

In the paper [4j, it has been shown that for the case of a completely unpolarized state, this 
matrix should have the following form: 

Q=g{E,^) = ^Q{^), (1.8) 

where 

Qiy) = 2 (^■^)- 

The multiplier 1/2E is chosen for reasons of dimensioio. It is to be noted specially that as 
distinct from (11. 4p and (II. Sp . the equations (ll.6p and (ll.7p are written in the coordinate-time 
representation, and the background fields A^(x), ^a{x) and ^I/^(a;) entering into them are 
defined on the straight path x = vt (i.e. here, we neglect by a change of particle trajectory). 
It is not difficult to write down the Lagrangian whose variation would give equations (II. 6p 



Aside from the generalized equations of motion for the color charges in |11|5], new gauge- 
covariant additional color currents and sources generated by a moving color particle, which 
should be added to the right-hand side of the proper field equations, have been suggested. In 
this case only we are able to calculate complete and gauge-covariant expressions for effective 
currents and sources generating the scattering processes of soft quark excitations off hard ther- 
mal particles in a hot QCD plasma. For convenience of the further references, the list of all 
additional color currents and sources obtained in the papers |11|5] is given in Appendix A. 

Unfortunately, these additional color currents and sources have been derived in the works 
[His] mainly from heuristic reasoning, practically without any connection with dynamical equa- 
tions (II. 6p and (II. 7p . Here, we would like to have some systematic procedure, which would 



^ Since in [U we were interested in the case of ultrarelativistic particles, in the expression for g{E,v) the 
term proportional to m/E was dropped. 
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enable us to obtain these quantities to any order in the couphng constant. One of the purposes 
of the present work is to suggest an algorithm of calculation of all gauge-covariant additional 
color currents and sources with any degree of accuracy in powers of the background fermion 
fields ^^(x), and initial values Qq, Oq and 9q of the color charges, based exclusively on 

the equations of motion for the Grassmann color charges. The extended Lagrangian (11. 9p does 
not give us such a possibility. This circumstance can be considered as an indication that some 
terms involving the background fermionic field are overlooked in this Lagrangian and restoring 
these terms is our first task. 

It is hoped that research of the problem of motion for a point particle (which can be regarded 
as string length-zero limits) in the background fermionic field will make possible to better under- 
standing, at least at a qualitative level, a similar motion of much more complicated object such 
as string. Special interest in research of motion of a spinning string in background fermionic 
fields exists already for many years beginning with pioneer works by Callan, Friedan et al |71[8], 
and ending with more recent studies devoted to strings in Ramond-Ramond backgrounds (see, 

e.g., pun]). 

At the end one general point need to be made. Throughout this work we use classical 
Grassmann-valued charges and external fermion fields. It is necessary to give a little moti- 
vation why we use anticommuting variables rather than conventional commuting (complex) 
ones. Two approaches to the description of internal color symmetry, by using commuting and 
anticommuting color charges, have been discussed by Balachandran et al in [2j. The principle 
difference between these two approaches arises at quantization of the classical models. Starting 
from commuting non-Abelian variables, the quantized non-Abelian charge can take arbitrarily 
large quantum numbers, while beginning with anticommuting variables, only a finite number 
of quantum numbers for the non-Abelian charge of a particle are obtained. From the physical 
point of view, it is clear that finite-dimensional representations of the internal color symmetry 
group are certainly preferable to infinite- dimensional ones (for this reason in [Ij the case of 
commuting isospin variables has not been discussed at all). By virtue of the above-mentioned 
reason, if one keeps in mind further applications and also the problem of quantization of the 
model considered in the present work, we have preferred from the outset to work with anti- 
commuting dynamical variables and 9^ . In addition we can say that it is precisely these 
Grassmann variables that arise within the framework of the worldline path integral represen- 
tation for the effective QCD action when the internal color degrees of freedom are expressed in 
terms of wordline fermions. This question is discussed in Conclusion in more detail. 

Besides, the need of using Grassmann-valued color charges and background fields is con- 
nected with the fact that in computing the probabilities for various scattering processes in- 
volving hard and soft fermionic excitations in a hot quark-gluon plasma, we get automatically 
gauge-invariance expressions. In the opposite case, we get the incorrect signs of different terms 
in these probabilities resulting in violation of gauge symmetry. This was shown by straightfor- 
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ward calculations for the scattering processes with soft fermion excitations only [TT|[T2| as well 
as for the scattering processes with hard particles |11[5]. 

Last but not least is concerned with the possibility of keeping track of a connection of 
the representations given here with the problem of motion of a spinning string in fermionic 
background fields. In the string theory, these background fields by initial construction are an- 
ticommuting ones, and thereby we have little choice. 

The paper is organized as follows. In Section 2, as the first example, the most simple and 
at the same time sufficiently meaningful extension of the Lagrangian (11. 2p to the case of the 
presence of a background non-Abelian fermion field in the system along with a non-Abelian 
gauge field is suggested. All of the equations of motion, and also the color current and source 
generated by a moving color-charged particle, are written down in an explicit form. Section 3 is 
devoted to a discussion of a possibility of taking into consideration a set of the real Grassmann 
charges belonging to the adjoint representation of the SU (Nc) group. In Section 4, based upon 
the requirements of gauge invariance and reality, a question of the most general structure of the 
Lagrangian linear depending on the external fermionic fields '^l^{x) and ^['^(a;) is taken up. It is 
shown that within the framework of these general requirements, one can determine an infinite 
number of contributions to the interaction Lagrangian, containing the strength tensor F^^^^x) 
to an arbitrary power. The following Section 5 is concerned with a similar analysis for the case 
of the quadratic dependence of the Lagrangian on ^^^{x) and \E'^(a;). It has been found that in 
this case the interaction Lagrangian possesses richer and more varied structure, than it was in 
the case of the linear dependence. It is demonstrated that in principle it also can include an 
infinite number of interaction terms. Furthermore, in Section 6, a simple iteration scheme for 
the construction of the consequence of more and more becoming complicated gauge- covariant 
currents and sources induced by a moving color particle is suggested. It is shown that fixing 
one arbitrary parameter only enables us to reproduce exactly additional currents and sources 
obtained previously, which are listed in Appendix A. In Appendix B, an explicit form of the 
one-loop effective QCD action deduced within the second order formalism for fermions is given. 

In the concluding section we briefly discuss a question of rigorous proof of the obtained 
results within the framework of the worldline path integral approach. 

2 The simplest model Lagrangian for color charge dyna- 
mics in a background fermion field 

We consider SU(A''c) gauge theory, use the metric g^^ = diag(l, —1, —1, —1), choose units such 
that c = 1 and note x) etc. The color indices for the adjoint representation a,b, . . . 

run from 1 to A*"^ — 1, while those for the fundamental representation i,j, . . . run from 1 to N^. 
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The Greek indices a, /3, . . . for the spinor representation run from 1 to 4. 

Let us assume that a point-hke classical color-charged particle propagates in background 
non-Abelian bosonic and fermionic fields. We state that the dynamics of this particle within 
the simplest of possible models can be correctly described by the following action: 

S = fldr, (2.1) 



where the Lagrangian L for such a particle is defined by the expression 

L = Le = -^ x^x^ ~ i + ^^^^^'^^^ (2-2) 

Here, ipa is a c -number spinor describing the spin degree of freedom of the particle, e is the 
(one-dimensional) vierbein field and /q is some (complex) scalar gauge-invariant function. The 
point of entering the function /o into the Lagrangian f l2.2p will be discussed in detail in Section 4. 
Once again let us recall that the color charge Q"^ is defined by the following expression: 

Q''=e^\t''yw^. (2.3) 

An important difference of the Lagrangian (12. 2p from the Lagrangian (IL9p is the presence of 
the last term proportional to the commuting color charge (12. 3p . 

The action (12. ip is reparametrization invariant if a change of the parameter of integration r, 
Eq. (II. ip . is accompanied by variable transformations 

, dr 

^ i^a, fo are unchanged. 

Furthermore, it is quite clear that the Lagrangian is real, and it can be shown that it is invariant 
with respect to the infinitesimal gauge transformations: 

(2.4) 

e^' 9^' -igA^e^^ity', 

Al^Al- gr'^A'Al - d,A\ 

where A'* is a parameter of the transformations. For simplicity throughout our work, we neglect 
a change of spin state of the particle, i.e. we believe to be a spinor independent of the 
parameter r. The account for the spin degree of freedom in the general dynamics of the particle 
will be considered in our next paper [13j. In particular, there it will be shown how one can 
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connect the c -number spinors tpa and ipa with the pseudovector and pseudoscalar dynamical 
variables = 0, 1, 2, 3 and C,^ commonly used in a description of the spin degree of freedom 

of massive spinning particles, and which in turn are elements of the Grassmann algebra |14[[T3]. 
Varying the variable e gives the constraint equation 



— - m 



For the remainder of our work, we choose a parametrization in which e = 1/m. Furthermore, 
varying the Lagrangian ( 12. 2 p with respect to Grassmann color charge 0"''*, we obtain the evolution 
equation for 6^ in the following form: 

deUr) 



dr 



+ tgx^iT)Alix)itTO'ir) (2.5) 



^9 



V2m 

Correspondingly one can define the equation for conjugate charge 6"^^: 

de^'{r) 



dr 



tgx'^{T)Al{x)e^^{r){ty^ (2.6) 



where the charge in view of (12. 3p obeys the equation: 

rfQ"(r) 



+ 



dr 



+ tgx'^ir)A'ix)iTrV%r) (2.7) 



V2m 



r) = 0. 



V2m 

Finally, varying with respect to x'^, we obtain the remaining equation of motion 

mx^(r)-<7Q^(r)F;,(x)x'^(r) (2.^ 
^P^{e^\T)'^^^{xM{x)) + (^i(x)^f (a;)^^(r))^. 



+ ^Q-{r)\fo^Je^%T){tT^i'{x)^'^{x)) +f*(^^^^ 



V2 



m 



where F^^ = d^A^ — d^A°^ — gf"-^^A^^Al is the strength tensor and 



l^^J'ix) = 6^''t/dx>' + igA^^{x){ty'' (= /^f (x)) 
^t^J(x) = 6''^'d/dx^' - i^A;i(x)(t")'=^' 
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are the covariant derivations. By adding the action of the kinetic energy of the background 
fields 

to the action (12. ip and making the fields dynamical, one can obtain the Yang-Mills equation 

Df{x)F'^^{x)=3''^{x), (2.9) 

where D^{x) = 5"'^d/dx^ + igA'^^{x){T^)°'^ is the covariant derivative in the adjoint representa- 
tion, 

ft'(x) =g[ xf'{T)Q''{r) S^'^^x - x{t)) dr + c/^(a;)7'^t"^(x) (2.10) 



is the color current, and the Dirac equation 

^^':^pD^^{x)%{x)=n],{x), (2.11) 

where on the right-hand side, the function r/^(x) (which in the subsequent discussion will be 
referred to as the color source) is 

rfo.{x) = -|- J {^^e^T) - ^J*{T)Q^{T){tTO'{r)} S^'\x - x{t)) dr. (2.12) 

3 Real Grassmann color charges 

As was shown in [Tl|2] instead of a set of the Grassmann color charges 6'^ and 6"^^, belonging to the 
fundamental representation, a set of the real Grassmann charges i)"', a = 1, . . . , N^ — l belonging 
to the adjoint representation of the SU{Nc) group, can also be introduced into consideration. 
Now instead of the Lagrangian fll.2p we will have 

= -m^/i^ + ^ (3.1) 

Here, D"-^ = 5°'^d/dT + igx^A'^^iT'^Y^ and correspondingly the equations of motion are 



d f x^ 
dT\{x''Xuyi 
d'd^ir 



+ zgx^'{T)A'{x){TT^'^{T) = 0. 



dr 

In this case instead of f l2.3p the commiting color charge is defined by the following expression: 

Q'^ = ^^\T''f^r. (3.2) 

To distinguish this color charge from ( 12. 3p . we have used a calligraphic capital letter Q instead 
of the usual one Q. It is easily to see that in the absence of the background fermion field 
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these two descriptions of the color degree of freedom are completely equivalenio. This means 
that on the classical level of a description of the color dynamics of a color-charged particle 
in the absence of the background fermion field, we can not distinguish to which of the group 
representations this particle belongs. 

However, this equivalence can be expected to disappear when we introduce a background 
fermion field in the system. Under such conditions, for a fuller treatment of the dynamics of a 
classical color particle in external non-Abelian fields, it may be required to use of a set of the 
Grassmann charges belonging to different representations of the SU{Nc) group. In this case, 
the simplest extension of Lagrangian (12. 2p taking into account the fact just mentioned has the 
following form: 

L = Lq + L^, 

where Le is given by the expression (12.21) and is defined by 

L, = '-rD-'d' + ^ ^7Q'^{/o^^^r)^^(^a^^«) +/o(^^>a)rr^*}. (3.3) 
Now the equation of motion for the color charge d"" is (in the gauge e = 1/m) 



dr 



+ igxf'{T)A''{x){TT''r{T) (3.4) 



V2m 

The complex function /q is an arbitrary gauge and reparametrization invariant function, which 
generally speaking, does not coincide with a similar function /o in the Lagrangian (12. 2p . From 
equation (13. 4p . it is easy to obtain the equation of motion for the usual color charge Q": 

+ igx>^{r)Al{x){T'rQ\r) (3.5) 



(r'')-Q^(r) J,e^\T){t'f {ij^^>i{x)) + f*{^i{x)^ij:){tYe\r) = o. 



V2m 

Besides, the additive Lagrangian (13. 3 p results in appearing new terms in the equations of 
motion obtained in the previous section. Thus, in equation (12. 5 p for the Grassmann charge 6^ 
it is necessary to add the term 

-^foQ^itTii^an) (3.6) 
V2m 

and a proper term is added to the conjugate equation (12. 6p . Furthermore, in equation (12.71) for 
the classical commutating charge Q", a new contribution arises: 



V2 



m 



Thus in the expression for color current (|2.10p the Grassmann charges appear only in combinations 
or p.2p . Furthermore, only these combinations enter into the generalized Newton equation and also in the 
equation describing spin dynamics |1,, 2J. 
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2^2 m A/", 

where (V"-Y^ = d"^'^. We have to add also the term 
9 



Q\r)[M^[9^\r){ef^f{x)^^^^^^ (3.8) 
to the equation for the position of a color charge, fl2.8p . Finally, we must add the terms 



g I x'^(r) Q"(r) 5^^^ (x - x(r)) c/r, 

(3.9) 

^ Jo (^) Q"(r)(r)*^'^^'(r) 5(^)(^ - <r)) dr 



V2m 

to the right-hand side of the field equations, 02. 9p and fl2.1ip . correspondingly. 

4 The most general gauge- invariant Lagrangian: the case 
of the Hnear dependence on the and fields 

This section is devoted to analysis of the most general structure of a color particle Lagrangian 
which satisfies the requirement of gauge invariance. We will follow the arguments in Barducci 
et al [1] closely. 

In the general case, the desired Lagrangian is a function of the following variables: 

L = L{x^- 9\ e\ r, r- i^^- A", a» 

As was mentioned in Section 2, in the present work we do not consider a change of the spin state 
of the particle; therefore, the dependence of L on ipa and ipa is omitted. The total variation of 
the Lagrangian under the infinitesimal changes of all dynamical variables looks as follows: 

oL - ,■ (9L dL ^ dL ^ 

Here, the right (left) arrow above the partial derivatives with respect to corresponding Grass- 
mann variables indicates that the derivative acts from the right (left) on the Lagrangian. The 
variation of the Lagrangian associated with the gauge transformation of the background boson 
field ^^(x) has been studied in detail in [Ij. In particular, it has been shown that the gauge 
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potential (and its derivatives) enters into the Lagrangian in question by a gauge covariant man- 
ner through the covariant field tensor and in covariant combinations with variables 
and d"" of the form 

At present, we will confine our attention to the variation of the Lagrangian with respect to the 
gauge transformation of the background fermion fields. Therefore, in what follows we will not 
explicitly write down the dependence of the Lagrangian on the Grassmann variables 9"^, 6*^*, 
and the gauge field A^. For simplicity, in most cases we will not also write down in an explicit 
form the dependence of L on the spinors ipa and ipa- 

Substituting infinitesimal gauge transformations (12. 4p into equation (14. ip for variations of 
dynamical variables, we obtain the following condition of gauge invariance of the Lagrangian: 

5aL = (4.2) 

In this section, we restrict ourselves to the case of the linear dependence of the Lagrangian 
on the background fermion fields and \E'^. Let us first consider the most simple case when 
these Grassmann-valued fields enter into the Lagrangian only in the following combinations: 
(^f^V^c,) and (^a^j,), i.e. we set 

L^,^ = £t^(et ^,^)(V^,vl>^) + {¥^^^^)C\9\9,{}). 

If we substitute the previous expression into equation (14.21) . then the requirement of gauge 
invariance reduces to two equations for the functions O and C^^: 



(4.3) 



- ^ ity'o' + 9^\rf^ ^ + {efa + irr^^^ = 0. 

It is easy to verify that the following combinations of color charges: 

9^\ Q''9^^{ty'andQ''9^'{ty' (4.4) 

satisfy the first equation in (14.31) . and correspondingly, conjugate combinations satisfy the sec- 
ond equation. It is these combinations that are presented in the expressions of the Lagrangians 
()2.2p and (13. 3p . We have not found any other more complicated in color structure solutions 
containing greater number of Grassmann charges and Hermitian generators t"" and T". 

However, a more subtle analysis of the general conditions of gauge invariance (14. 3 p has shown 
that the color charge combinations (14. 4p may enter into the Lagrangian with some arbitrary 
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scalar function /o as a multiplier. This function depends on gauge-invariant combinations of 
Grassmann charges: 

In the case of the absence of a background fermion field, each of these colorless quadratic 
combinations of charges is conserved by virtue of the relevant equation of motion and therefore 
the function /o merely represents itself a numerical factor. From the other hand, if there 
exists a background fermion field, then the quadratic combinations can be rather complicated 
functions of r, so that /q 7^ const. It is worthy of special emphasis that the function /q is 
broadly speaking different for each of three solutions fl4.4p and its explicit form is not fixed by 
the requirements specified in the Introduction. In the general case, the function represents a 
finite polynomial of its independent variables with arbitrary coefficients, whose an explicit form 
should be determined from some additional considerations 3. Besides, for the group SU{Nc) 
with 3, this function can be also dependent on more complicated gauge invariants of the 

form: 

d'^^'^Q'^Q^Q^ and (T^^Q'Q^Q.^ 

where d""^^ is the totally symmetric structure constant of the group. 

We now proceed to a discussion of the general structure of the Lagrangian with the linear 
dependence on external non-Abelian fermion fields. First, let us write down the most general 
spinor structure of the given Lagrangian: 

L^,^ = cl{x, e\ 9, ^, F^,)(V'«rf^vi>j^) + (^rj^r^>„) c\{x, e\ e, ^9, f^,), (4.5) 

where F"^ is any one of these 16 independent generators of the Clifford algebra: 

It is just impossible to make up vector or tensor quantities only from the Grassmann-valued 
charges. Therefore, among arguments of the functions £^ and C\, we explicitly specify those 
vector and tensor functions, which we have at our disposal. 

At the beginning, we deal with the case of the 7^ matrices instead of F"^. The simplest 
structure of C^^ (or represents a perfect factorization with respect to color and vector 
indices, i.e. 

£j = £t«(^t^,^)£;(x,V^,^) (4.6) 

and a similar equation is true for the £^ function. As any one of the combinations of color 
charges in a set (14. 4p . can be taken, and as £* the function can be taken. Thus, for example. 



For example, in U we have shown that to obtain gauge-invariant expressions for matrix elements of some 
scattering processes of soft quark-gluon plasma excitations off hard thermal particles, an arbitrary function /o 
in the fourth term in the Lagrangian (|2.2p must be in exactly equal to —1. In Section 6 of the present work, 
another consistency condition will fix the function /o in the last term in (|2.2p . 
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for the first two color structures in fl4.4p we have the following gauge (and reparametrization) 
invariant contributions which should be added to the required Lagrangian: 

Besides, there exist the gauge and reparametrization invariant contributions in Lq, ^ at F"^ = •y'^ 
for which there is no factorization of the type (14. 6p . However, in this case it should be invoked 
the strength tensor of background gauge field. The following expression 

provides an example of such type of contribution. 

Furthermore, the necessity to invoke the field strength arises also when the F"^ is taken in 
the form a^'^ . Here, we will have the gauge- invariant contributions of the following form: 



V2 



tiv 

m 



9 



and also the contributions from the higher order terms in powers of F^^. All these terms 
represent examples of spin-color interaction. 

As regards the terms with the 7^ matrix in a set F"^, pseudoscalar and pseudovector functions 
of the type (?/'7^\E'*), ■i(-?/'7^7^\E'*), . . . may be 'canceled' only by factors of the form [tp'-f^ip) , 
^(V'7/i7^V'); • • • • Though most likely such types of contributions should be rejected as unrelated 
to real interaction processes in the problem under consideration. 

One can rise a question about the dependence of the interaction Lagrangian on derivatives 
of background fermionic fields, i.e. on the functions of the type dfj_^l^{= ^'^ ^) and (9^\I'^(= 

fi)- We again restrict our consideration to the case of the linear dependence and when 
these functions appear into the Lagrangian only in the simplest combinations: (d^'^l^ipa) and 
(iJc^df^-^'J, i.e. we set 



C^^{x,9\9,^){^P^d^K{x)) + {d^¥^{x)ij^)CJx,e\9,{}). (4.7) 



It is clear that the derivatives of the \I'-fields can enter into the Lagrangian in question only in 
the form of the covariant derivatives; therefore, instead of (14. 7p we can write down at once 

Lii^,^i5^ = c^''{x,e\e,^){^^'^^^{x)nix)) + {n{x)'5f{x)^^)c'^{x,e\e,^). (4.8) 

The dependence of the Lagrangian on the \E'-field derivatives leads to the fact that in the total 
variation fl4.ip the terms of the following form 

~Sl ...... 
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must be added, where in a particular case of variations induced by the infinitesimal gauge 
transformation, we have 

These transformations should be added to the list (12. 4p . It is easy to convince ourselves that the 
basic requirement of gauge independence of the Lagrangian (14. 8p is reduced to the fulfilment 
of equations f l4.3p . where we need to substitute C'j^ and £^ for and O. The vector index 
appears in these equations in the parametrical manner and therefore without loss of generality, 
these functions can be taken in the factored form (14. 6p . Following the same line of reasoning 
given after equation (14. 6p . we conclude that there exist only three independent gauge- invariant 
Lagrangians of the form (14. 8p . namely 

and the last expression with the replacement — Q". These Lagrangians satisfy all re- 
quirements listed in the Introduction. Formally, we have to add them in the total interaction 
Lagrangian. 

Finally, instead of (14. 8 p we can consider a more general expression of the form 

+ {mx)'Df{x)Tl^.)Cj^{x,e\e,^,F,,) 

in an exact analogy as was done for (14. 5p . As in the above case (14. Sp . the specific choice of 
(7^ or cr^*^) inevitably results in the necessity of introducing into consideration the strength 
tensor of background gauge field. This circumstance has been depicted in the notation of the 
coefficient functions in (14. 9p . In this case the number of independent contributions of the (14.91) 
type becomes unlimited. 



5 The most general gauge- invariant Lagrangian: the case 
of the quadratic dependence on the and ^^-fields 

Let us analyze the case of the quadratic dependence of the Lagrangian on background fermionic 
field. To be specific, we consider in detail the most interesting dependence of the type 

L^^ = ¥^cue\e,^)%. (5.1) 
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Substituting the above expression into the general condition of gauge invariance (14. 2p . we obtain 



the following equation for the function 

Here, the spinor indices appear in the parametric manner. By virtue of this fact, the spinor 
dependence of the function should be determined by some additional considerationci- In 
definition 05.1 p we assume for the moment that the is independent of the background 
bosonic field (but it is dependent on the spinors ipa and ipa-, see the previous section). For this 
reason, without loss of generality one can set 

c%^c^{e\e,§)c^p{i,,i,). (5.3) 

As the Lap function we may choose any one of spinor structures of the form 

Cap ~ 5a/3, (T^ V')a (^-T^)/? , (7''V')a (V'T/.)/?, (T V^)a(V'7^7M)/3, ^) M ^.u) p ■ (5.4) 

What can we take as the function ? The general analysis of equation ( 15. 2 p has shown that 
there exists a considerable amount of independent color structures satisfying the requirement 
of gauge invariance, namely 

r{e9y{9Hy^\ Q\ed)\dh^yQ\ Q'{ed)\dh^yQ\ 
{Q^{t''ey{eH''yQ^ + Q^if^eyieHyq^}, 

■jabcQa^^b^y^Q^cy^ -jabcQaf^^bQy^Q^cy^ ^55^, 

and so on. On substituting structures (15. 5p into equation (15. 2p the latter is reduced to either 
the identity or the relation for the totally antisymmetric structure constants 

jadc jbce _j_ jabc jcde jbdc jace 



^ The only restriction here can arise if instead of the requirement of reahty of the action we demand the 
fulfilment of a little more hard condition: reality of the Lagrangian (jS.ip . Then in terms of the function 
this requirement leads to an equality 

rij _ ^0 (fi] \* 

- laa'K'-a'P') ^13' 0- 

For the decomposition (|5.3p . i.e. for C — £spinor <8) >Ccoior, the last equality falls into two independent ones 

•^spinor = 7 ■^ilpinor70, ^color — -^Llor- 

Here, (g) is a sign of the tensor product. 
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Hence in deciding on the Lagrangian in the form (15. ip taking into account (15. 4p and (15. 5p . we 
have considerably more (but nevertheless a finite number) gauge-invariant terms of interaction 
as compared with the sum of two Lagrangians (12. 2 p and (13. 3p . To choose the terms that are 
relevant to real dynamics of our physical system, one has to once again invoke other physical 
considerations. Let us note one remarkable feature of the second- fifth structures in (15.50 . These 
color structures depend on Grassmann 9- and ^9-charges in the quadratic manner as well as the 
second terms in the Lagrangians (12. 2 p and (13. 3p . This circumstance results in an important 
modification of terms in the equations of motion (12. 5p . (12. 6 p and (13. 4p that are linear in the 
Grassmann charges. To be specific, let us consider the second spin structure in (15 ■4p . the third 
and fourth color ones in (15. 5p . For this case instead of two terms in the first line of equation 
(I2.5p . we have 

- ig'[e{^p^p{x))Y[{^^{x)ij^)eYe'^{r) + ... =o. 

New third and fourth terms in the above equation may be interpreted in terms of a modification 
(or extension) of the standard definition of the evolution operator, namely, we have to consider 
the extended evolution operator 

W(r,ro) = Texp<' -ig I (x>^{T')Al{x{T'))e - 



-TO 



-g[{^.{x{r'))^.)t\^p^p{x{r')))y-g[e{^^^ 
instead of 

f/(r,ro) = Texp<( -2^/ x^(r')A;^(x(r')) t"rfr J^. (5.6) 



TO 



The possibility of appearance of such an extended evolution operator has been discussed in 
the papers [HIS] in studing concrete physical scattering processes occurring in the quark-gluon 
plasma. The evolution operator U{t,to) takes into account the effect of rotation of a color 
charge vector in the internal color space induced by interaction with both gauge and fermion 
background fields. 

If at this point we introduce into consideration the background bosonic field, then the 
choice of the spinor structures Cai3 becomes to a great extent richer and more varied. Thus, for 
example, to the structures (15. 4p one can add the terms of the type (see the last footnote) 

Q»F;4(a'^^^)„V'/3 + M^^np], Q"F;,(a'^'^^),(^a^'^)^Ftg^ 
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and the higher-order terms with respect to the strength tensor F^^,. Unhke (15.41) this set includes 
aheady an infinite number of terms. Furthermore, the introduction of external gauge field into 
the system enables us to consider another more interesting type of factorization of the 
function, namely, the factorization with respect to pairs of indices containing both color and 
spinor index, i.e. 

The following two expressions can be considered as examples of such a factorization: 

Finally, the expression below represents the simplest example when we do not observe any 
factorization of the function 

By this means we have shown that the gauge-invariant Lagrangian at quadratic order in 
the background '1'^ and \E^^ fields possesses rich color and spinor structure and can contain in 
principle the terms with an arbitrary power in the strength tensor. In spite of the fact that 
in this section we restrict ourselves to analysis of the Lagrangian (15. ip . similar reasonings and 
conclusions can be performed and for the Lagrangian of the form 

In summary note that we may address a question concerning construction of the gauge- 
invariant Lagrangian dependent on the background Grassmann-valued spinor fields to an arbi- 
trary power. All these Lagrangians can be thought as separate terms in an expansion of the 
total Lagrangian if the latter is presented as a formal infinite series 

oo oo 
n=0 m=0 

The coefficient function -C^^ '^"^■'^^'"■'^'^ represents a complicated function of color charges 6^, 
-d"", gauge field v4^(x) and spinor s ipa, ipa- The contributions with derivatives of the \l'-fields 
should be also incorporated in this Lagrangian. 



6 Iteration method for constructing additional currents 
and sources 

This section will be devoted to a determination of a regular method for computing additional 
currents and sources, some of which were considered in the papers [4,5]- We will confine 
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our attention to a system of equations (12. 5p - (12. 7p . assuming that the motion of a particle 
is specified and in the simplest case it represents a straight line x = vt. Furthermore, the 
parameter r appearing in equations (12. 5 p - (12. 7p in the gauge e = 1/m is assumed to be the 
proper time. For practical computations, it is more convenient to pass to the coordinate time. 



as is the case in a system of equations (II. 6p . (II. 7p . Setting dr = Vl — dt, instead of (12.5 
now we will have 

d9\t) 



dt 



- tgefoQ''mtT{xaKit,^t)) (6.1) 
with the initial condition ^*(t)|j^j^ = 6^{to). Here, we have introduced the spinor Xa into 



consideration according to the rule 



V 



2 



It is this spinoio that appears in equations (II. 6p and (II. 7p . Similar equations can be written 
for color charges 6'^* and Q". The background fields in (16. ip are given on the straight pass. 

Let us rewrite also the expressions for color current (12.101) and for color source (I2.12p in the 
representation of coordinate time: 

j;{x)=gv^Q''{t)6^^\^-Yt), (6.2) 

vL{x)=g{xae\t)-eXafoQ''mtTd'it)}S^'\^-^t). (6.3) 

In the expression for current (16. 2p we dropped the contribution associated with background 
fermion field. The parameter e we have introduced into (16. ip and (I6.3p by hands is an effective 
"small" parameter related to terms nonlinear in color charges in the stated expressions (it can 
be introduced as a factor in the last term of an initial Lagrangian (12. 2p ). This parameter is 
taking as unity at the end of all calculations. Finally, we simplify the problem still further 
considering that the complex function /o is independent of time. 

We can seek a solution of equation (16. ip and equations for ^"1"* and Q"^ in the form of an 
expansion in powers of the parameter e. It turns out more simple to restrict ourselves to 
consideration of the solutions of equations only for the 0'^{t) and 0'''*(t) charges, and reproduce 
the usual charge Q"^ with the help of the relation (12.31) . Thus, if we define the solutions in the 



^ It is easy to verify that in this case we correctly reproduce unusual form of density matrix p.8p when it is 
considered that for fully unpolarized state of a particle, the standard relation is hold [l^ 

up to a correction term of {m/E) order (see, footnote in Introduction). 
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following form 

e\t) = + ee^^^\t) + e^e'^^^\t) + e'^e^'^^\t) + .... 



(6.4) 



then 



where 



Q-{t) = gW"(t) + £g(i)«(t) + £2g(2)-(t) + e3g(3)-(t) + . . . , (6.5) 



qma^t) = 0«°)(t)r^(°)(t), (6.6) 

g(l)»(t) = et(0)(^)^a^(l)(^) ^ ^t(l)(^)^a^(0)(^)^ (g_7) 
g(2)«(t) = 0t(l)(^)ia^(l)(^) + |^t(0)(^)ia^(2)(^) _^ ^t(2) ^a^W | 

and so on. It is worth noting that in (16. 4p and (16. 5 p each term of the expansion is gauge- 
covariant irrespective the others. As a result, under the substitution of (16.41) . (16. 5p in (16. 2p or 
(I6.3p to each order in e we will have a new gauge-covariant current or source. 

Let us substitute expansion (16.40 into equation (16. ip . Correct to first order in e, we obtain 



+ ,^^MA;:(t, vt)(t'^)^^-^(o)^(t) +z<7(x.^j,(t, vt)) = 0, 



Solution of the first equation has the following structure: 

^(°)^(t) = ei^it) + n\t), d^it) ^ u'^{t,to)e^{t,), (6.8) 

where the evolution operator in the fundamental representation f/(t, tg) is defined by expression 
(15 ■6p . and an explicit form of function VL^{t) (and its conjug ation Vl^\t)) is given in Appendix A, 
Eq. (A.l). Inserting (16. 8p into (16.61) . we derive further 

g(o)«(t) = Qiit) + {el{t)e^{t) + ^\t)eeQ{t)] + ^\t)e^i(t), (6.9) 

where 

gS(t)^t/«^(t,to)g'(to) 

and in turn 

^(Mo)^Te.p{-,/(„..»(.',vO)™'j 

is the evolution operator in the adjoint representation. In deriving the expression Q%ify we 
have taken into account the identity 

[/(to,t)t'^t/(t,to) = f/"''(t,to)t'. (6.10) 
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If we substitute (16. 9p and (16. 8p into (16. 2p . (16. 3p . then to the zeroth-order approximation in e, 
we properly reproduce the simplest current and source written out in Section 5 of |1] (Eq. (A. 2) 
in Appendix A of the present work). 

Furthermore, a solution of the equation for 9^^^^{t) has the following structure: 



= igfJ f/^^(t,t')Q(°)"(t')ry'(x«*^(t', vt')) dt' 



(6.11) 



to 



+ ig u^^{t,t'wrd^'>{t') {hd^^'^\t'){t^r{xa'^i{t\wt')) 



to 

+ f*{^tit',^t')Xa)it'')'¥''>\t')] dt'. 

It will be shown below that "correction" (16. lip (and a similar expression for ^^^(^^*) encloses all 
additional sources (A. 4) - (A. 7), and taking into account relation (16. 7p . properly reproduces the 
additional current (A. 3). For this purpose we substitute the solutions (16. 8 p and (16. 9p into (16. lip 
and retain only terms linear in the charges 6Q{t) and Q^it). After some tedious manipulations 
employing the identity (l6.1Qp . expression (16. lip can be cast into the following form: 



+ [el{t)t''n{t) + nt(t)r^o(t)] (en{t)y 
- ^im(/o)(gs(t)(rfi(t))^+ [^^i(t)t"^](^)](t'^fi(^))^ 



(6.12) 



+ / [^i(t)t"$(t, t') + $t(t, t') r^o(t)] ^^'^^^t:^'^^' dt' 



to 



+ 



dt' 



dt' 



{e^{t,t')Y dt' 



to 



^1 r5M)„£!M) 

to 

Here, we have considered the function 

$(t,t') = u{t,t')n{t') 

and used its following properties obvious from the definition: 



dt' {ee{t)y 



^{t,t') 

dt' 



-ig U{t, t') (xa^a(t', vt')) , t) = n{t), $(t, to) = 0. 



A surprising feature of the expression obtained (I6.12p is that all the integrands in the terms 
proportional to Re/o grouped together in the total differential. This has allowed us to perform 
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easily the integration in t' . 

Furthermore, we will consider the first 'correction' to the initial source 



which by virtue of (16. 3p has the following form: 



Let us substitute expressions (l02D . ([63]) and ([63]) for 6'(^)*(t), Q^^^'^it) and 6'(°)-' (t), respectively, 
and retain only the terms linear in Qo(t) and ^o(^)- Then we have 



— (the terms proportional to Im/o). 

This source should be compared with additional ones (A. 4) - (A. 7). Comparing the first, second 
and third terms in fl6.13l) with expressions (A.4)-(A.7), we obtain 



Now we turn to calculating the correction Q^^^^-it). At first we rewrite expression (16.71) 
substituting explicitly the solution (16. 8p . Here, we have 



g(i)"(t) = [el{t)ee^^\t) + e^^^\t)eeQ{t)\ + [n\t)ee^^\t) + e^^^\t)en{t)\. (6.15) 



In the usual manner, we restrict our consideration only to contributions linear in 9Q{t) and 
(5o(t). By virtue of this fact, one can substitute the above-obtained expression (I6.12p into 
the last two terms in (16.151) for 6^^^'^(t). However, for the first and second terms in (I6.15P this 
substitution leads to the second order terms in the color charges dQ{t) and (5o(^)- Therefore, here 
we need to return to the initial expression (16. lip and to single out the contributions completely 
independent of the color charges ^o(^) ^^"^ Qoi^)- For this purpose, it is merely necessary to 
substitute the last terms of the solutions (16.80 and (16. 9p into expression fim]) for and 
Q'^'^^"-{t'). Straightforward calculations result in 



2gReifo)Xa[^Ht) t^m] (tT OUt) 6^'\^ - vt) 



(6.13) 



a = /3 = f3i = (3i = -2Re/( 



(6.14) 



e^'^\t)\teein9o,Qo = -Re(/o) [ 1^^^^) ^^"^ (^"^ W)' 



(6.16) 




to 



.a 



Ht,t') <i>t(t,f) 

dt' dt' 



r$(t,t') {t''^{t,t')Ydt' 
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Here we observe the same picture as in fl6.12p . The integrands in the terms proportional to 
Re/o grouped together in the total differential. The consequence of this fact is such a simple 
form of the first term in fl6.16p . 

Substituting (I6.16P into the first and second terms of expression (lOSj) for e^^\t), and iKW} 
into the third and forth terms of the same expression, we find from fl6.2p the first correction to 
the initial current jji^"'{x): 

j(^)-(x) = -^?Re(/o)^;^g^(t)[^]t(^){^at^'}^](t)]^(3)(x_^^) (5.17) 

- gReUo)v^[Q\t) t^^oW + e^t'' Q{t)][Q\t) {e,t^} Q{t)]6'^^\^ - vt) 

- gRe{fo)v^[n\t) t'n{t)][n\t) {e,t'} 9o{t) + el {e,t'}n{t)]6^''\^ - vt) 

— (the terms proportional to Im/o). 
Here, the first term on the right-hand side reproduces the additional current (A. 3), if we set 

a = Re/o. 

Comparing the last expression with fl6.14p . we find that the constants cr and a are connected 
among themselves by relation (A. 8), as was obtained in j4j from a fundamentally different 
approach. The second and third terms on the right-hand side of fl6.17p represent new additional 
currents induced by a moving color particle, which has been overlooked in the above-mentioned 
paper. In this way from all aforesaid it follows that if we believe the constant /o to be a pure 
real and set by virtue of (16.141) and (A. 9) 

^^^°=2 7>' 

then the obtained expressions for the first correction to the initial color source and current, 
Eqs. fl6.13p and f l6.17p . exactly reproduce additional sources and currents obtained earlier on 
the basis of heuristic reasoning. This provides a rather strong argument for the correctness of 
a choice of the initial model Lagrangian fl2.2p . 



7 Conclusion 

Being based only on the general principles, specified in the Introduction, we have considered a 
problem of the construction of the action that would describe the dynamics of (pseudo) classical 
color particles both in background non-Abelian bosonic and fermionic fields. The major re- 
quirement in this construction is the gauge invariance requirement of the action in question 
under the gauge transformation of all dynamical variables including the background fields. 
But here, however, another point arises: the gauge invariance is necessary of course, but is it 
sufficient in this case? As has been shown explicitly in Sections 4 and 5, the answer to this 
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question is generally negative. It has appeared that in principle the existence of an infinite 
number of contributions to the interaction Lagrangian, which leave the action real, gauge and 
reparametrization invariant, is possible. Here, based only on these general principles, there is 
no way to say which of these contributions to the interaction Lagrangian actually concern the 
real dynamics of a color particle, and which are not. Moreover, also there is no way of fixing 
the arbitrariness in the scalar 'weighting' functions (see Section 4) with which these contribu- 
tions enter to the Lagrangian. The last circumstance, in particular, leads to the fact that it is 
necessary to invoke an additional information for determining these functions. For a compre- 
hensive Lagrangian description of the dynamics of the color particle in background non-Abelian 
Bose- and Fermi-fields and rigorous justification of the results obtained, we come up against 
the problem of derivation of the Lagrangian from the first principles within the framework of 
quantum field theory. Obtaining the Wong equation for the usual color charge in ||17| and 
the equations of motion for the Grassmann color charges in background gauge field in [T81 - I20] . 
provides examples of such a derivation directly from underlying quantum field theory. These 
equations can be justified as a semiclassical approximation to the worldline formulation of the 
one-loop effective action in QCD. However, an attempt at a direct inclusion of background 
fermion field into the developed approaches encounters severe difficulties both technical and 
fundamental nature. 

It was shown in a considerable amount of papers that the one-loop effective actions for scalar 
models, QED and QCD, could be expressed in terms of a quantum mechanical path integral 
over a point particle Lagrangian. For the case of the QCD coupling, the worldline path integral 
representation was obtained not only for the effective action for quark loop, but for gluon one 
in an external non-Abelian field as well PT|I22]. One of the important steps here was made 
by Borisov and Kulish [12], D'Hoker and Gagne |19] . They have presented the internal color 
degrees of freedom in terms of worldline fermions expressed by independent dynamical Grass- 
mann variables O'^^t) and 6^(t). It is precisely these color charges that we have used throughout 
the present paper. They have been first introduced in [T1I2] from completely different reasoning 
by means of less-formal considerations. For a rigorous derivation of the dynamical equations 
presented in Sections 2 and 3, and also of all possible additional contributions to these equa- 
tions from the terms written out in Sections 4 and 5, it is necessary to consider a more general 
problem: the worldline path integral representation of the effective one-loop QCD action in 
the presence of both classical external bosonic and fermionic fields. In terms of a functional 
superdeterminant the given effective action has the form 



An explicit form of operators appearing in the supermatrix on the right-hand side of (17. ip is 
written out in Appendix B, Eqs. (B.3)-(B.5). Here, we only note that in deriving the above 
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expression, we have used the second-order formahsm for fermions [23] instead of the standard 
Dirac formahsm. To a hmited extent, the complexity of expression (17. ip may be imagined if to 
rewrite the superdeterminant in terms of ordinary determinants as 



zr[A^,^] = -^lnDetPj(A,^,il/) + llnDetP:^(A) (7.2) 

- 1 lnDet(l - V-l'^\A, ^, ^) J"- (A f^) V-'^^A) T^^A, ^)). 

The first term on the right-hand side represents the usual one-loop gauge boson effective action. 
The one-loop determinant may be thought of as being built up by summing over multiple 
insertions of the backgrounds, Fig.[TI^a). Here, unusual insertions of external fermion lines 
are connected with the additional contributions to the gluon kinetic operator P^|^(y4, 
Eq. (B.3), proportional to the background \I'-fields. The appearance of such insertions is a 
direct consequence of using the second order formalism for fermions. The second term in (17.21) 
is the contribution to the gauge boson effective action from dynamical fermions, Fig.[T]^b). 
Finally, the last term in (17.21) gives the effective action for fermions properly interesting for 
us. Formally, here under the sign of determinant there is an expression, which is nonlocal and 
substantially nonlinear with respect to the background gauge field. Besides, since the \E'-fields 
are explicitly involved into the gluon kinetic operator, then the expression under the sign of 
determinant formally also contains the background fermion fields to an arbitrary (even) power. 
The last circumstance distinguishes considerably the given effective action from a similar action 
in the standard first-order formalism [25], where under the sign of determinant we have only 
one pair the \I'-fields. 

It appears very difficult, if possible at all in this situation, to define the worldline path 
integral representation for the effective actioij^. Perhaps, the required representation should 
be constructed at once beginning with superdeterminant (17. ip . without reducing it to usual 
determinants. However, it is not clear so far how this can be made within the developed 
techniques [TBH22]- To the best of our knowledge, the given problem has not been considered 
in the literature. In fact, the various contributions to the interaction Lagrangian derived in the 
present work can be considered as 'fragments' of the total Lagrangian that would enter into 
the worldline path integral representation of the effective action r[A, ^f, 

It may be taken a different view of the given problem. The presence of the fermionic 
background field leads to qualitatively new phenomenon: a single background fermion can 
change a particlqj in the loop from a Dirac spinor into a vector boson and vice versa, Fig.[Tl^c). 



^ In fact it is this circumstance that serves a basic motivation for writing the present work and the next 
one [13]. Within this crude approach we would hke to make clear which of the contributions can appear in 
the required action and what is their structure. Such a preliminary work, as we hope, enables us at least on 
qualitative level to see what we should expect in a more rigorous approach and in some extent to facilitate the 
construction of a comprehensive theory. 

^ The first-quantized field theory considers a particle in a loop as a single entity. 
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Therefore, our purpose is to construct a theory which consistently describes a particle that can 
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(a) (b) (c) 

Figure 1: Scattering of a hard particle running in the loop by the background fermionic and bosonic 
fields. 

be either vector boson or Dirac fermion. From the mathematical point of view this means that 
it is necessary to find an explicit form of the fermion vertex operator which is inserted into 
the world closed line of the hard particle and defines the radiation (or absorption) process of 
an external quark simulated by an external fermionic background. The construction of this 
vertex operator is a necessary ingredient for a rigorous derivation of the evolution equations 
for color charges. One way of looking for a solution of the problem at hand (and in particular 
of computation of the desired vertex operator) is through the string theory. At one time in a 
number of works [26H28] the problem of the propagation of (super)string in background fields, 
was considered. As shown in [7J, background spacetime fermions may be incorporated into 
the string action on equal terms with the other external fields if to use the covariant string 
vertex operator [HII25]. As far as we know, this is the only rigorous inclusion of interaction with 
an external fermion field which is well understood. Here, the following heuristic argument is 
applicable: the required fermion vertex for the first-quantized field theory is related, in a certain 
way, to the fermion vertex operatoi^ of superstring theory. The efficiency of the string-based 
methods in concrete applications to the problems of calculation of the pure gluon one-loop 
QCD amplitudes was demonstrated in the early 1990s by Bern and Kosower |30| and then by 
the others. Now our purpose is to extend the well-developed approaclo to incorporate external 
quarks. 

Thus, in light of this, one can outline another way of derivation of the color charge evolution 
equations from the first principles. Our first task here is to define in an explicit form the effective 
one-loop QCD amplitude including both external bosons and external fermions in the context 



^ One of the indirect proofs of the existence of such a relation is the fact that there exists practically perfect 

coincidence in a structure between boson vertex operator in string theory and boson vertex operator arising in 

considering the effective actions for spinor and vector boson particles in background gauge field |21) . 

Note that the authors of [30] planned to consider this more general case, but here, they used the usual 

field-theoretical approach |31| . 
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of superstring-inspired approach [30]. Then the second task is to guess an exphcit form of the 
effective action in the worldhne formulation which, on expanding in powers of the background 
fields, would reproduce the mixed quark-gluon one-loop amplitudes obtained at the first stage. 
And the final step would be the worldline representation for the color degree of freedom of 
hard particle running in the mixed loop in the spirit of Borisov and Kulish [18j or D'Hoker and 
Gagne [H]. 

Finally, one can look at the solution of this problem purely from a geometrical point of view. 
In the paper by Duval and Horvathy |32] within (pre)simplectic geometry an alternative deriving 
Wong's equation have been given. Furthermore, Horvathy [33j have shown that the developed 
approach, which is in fact a sort of generalized variational calculus, is basically equivalent to 
that of Barducci et al [1\ and Balachandran et al [2\. It would be very interesting to extend 
this geometrical approach to the case of the presence of Grassmann-valued background fields. 
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Appendix A 



In this Appendix we give an explicit form of additional gauge-covariant currents and sources 
suggested in IHE]. For convenience of notations of these currents and sources, we introduce the 
following functions: 

t t 
Q\t) ^ -igju'^{t,t'){x.^>i{t',wt')) dt\ = igj {^{1' ,^rt')x^)W\t' ,t) dt' . (A.l) 

to to 

In the terms of these functions two additional currents in [1] have the following form: 

Je,{^) = 9v,{Q^^{t){ty%{t) + el;{t){tT^'{t)}6^'\^ - vt), (A.2) 

J^.ix) = agv,Qlit)[n^\t){t^,t'y^n^it)]6^'\^~vt), (A.3) 

where ^^(t) = U'^ it,to) 9^ (to) and Qg(t) = U-\t,to) Q'o{to)- 
Furthermore, we give a list of additional sources 

Vhai^) = agx.QomtTn\t) 6^'\^ - vt), (A.4) 

Vhaix) = /3i^7Xar)^^^^^W[f^^'Wr)'^^^W]5^'nx- vt), (A.5) 

r^^„(x) = /3i^7Xa(n^''^''W[^J'W(n''^'W]'5^'nx-vt), (A.6) 

^k(a;)=/3^7X«(tT^'oW[^^'W(n''fi'W]5^'^(x-vt). (A.7) 

In [1] we have also obtained a relation between constants in expressions (A.3) and (A.4), and 
also an explicit value of one of them in terms of the group invariants: 

Rea = ^ a , (A. 8) 

« = • (A.9) 

J-F 
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Appendix B 



Let us write down an initial expression of the classical QCD action 



(B.l) 



+ j d'x^{x)[D^{A)D^{A) -^gF^A 



x)a^'' + ^-^ix) + ... . 



Here, D^{A) = d^+igA1j^(x)t"', o^^^ = [7^,7'^]/2z, F^jy(x) = F^j^{x)t"- and the ellipsis is refereed to 
the gauge fixing and ghost terms. The action for fermions is written down in the representation 
of the second-order formalism. To provide the effective action, according to the standard 
procedure [31] in the first step we replace the fields in (B.l) by the shifted ones: 

Al{x) ^ Alix) + a^ix), ¥^{x) ^ ¥^{x) + ^^(x), W^{x) ^ vl/^(x) + V^^(x), . . . , (B.2) 

where on the left-hand side the functions A^, and are considered as the classical back- 
ground fields, and aj^, t/'^ and t/'^ are their quantum fiuctuations. Furthermore, substituting 
(B.2) into (B.l) and retaining only terms which are quadratic in the quantum fields, we have 
(for simplicity, the ghost contribution is omitted) 



5'quad[a,V',^;A^,^] = /rf'x|-a'^^(a;)Pj(A^,^)o'"(x) 



+ d 



afi 



where 



-ic\ah 



V;liA, v^, VI/) = g^,{D,{A)D\A)r + 2igF;^{x){T 

- g^^>{x) ( g,,{e, t'} + t'])m{x), 

are the kinetic operators of the gauge boson and fermion fiuctuations, respectively, and 
F;I,{A, ^) = -g{ [^{x)'d^\A)\ e{2zg,^+ a,,) + (^(x) a,,e^\A)) , 
J-^t(A^) = + g {i2tgx.+ ax.)t'['B\A)^ix)] + (^tA(^) ^V;,.vl/(a;)) }^ 

Z^^(A)^I 



(B.3) 
(B.4) 



x\ 



(B.5) 



indi- 



are the mixed contributions to Squad- Here, the expressions of the type 
cate that the derivative acts only within the square brackets. By virtue of the fact that we 
use the second-order formalism for fermions instead of the usual Dirac formalism, the gluon 
kinetic operator (B.3) contains the term bilinear in the background fermion fields and ^1/^. 
This term creates a new 4-point vertex of interaction when two gauge bosons couple with two 
fermions [23l. 
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Finally, within the framework of the background gauge fixing technique, the one- 
contribution to the QCD effective action is 

exp(iri-'°°P[ A, ^, ^) = J VaVjpViP eiq>{iS^^^[a, j/j, A, *]) = 

= SDet-^/^^ ^^'^(^'*'*) 

where the symbol SDet denotes a superdeterminant over both gauge bosons and fermions. 
the right-hand side we have omitted irrelevant the number factor. 
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